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What the Research Says---- 
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 According to the 2011 National 
Assessment of Educational 
Progress (NAEP) only 40% of 
fourth-grade students and only 
35% of eighth-grade students 
scored at the proficient level in 
mathematics. (NC: 45%;37%) 

 

Feedback? 
National Center for Educational Statistics, 2011 

•  Schmidt, Houang, and Cogan (2002) reported 
that by the end of high school, US students 
performed near the bottom of the international 
distribution in the Third International 
Mathematics and Science Study (TIMSS). 

•  2011 Average Mathematics Scores for US 
student higher than TIMSS averages 

TIMSS 2011 Country Comparison for 
Mathematics (Grades 4 and 8) 

Feedback? 



The National Council for 
Teachers of Mathematics 

(NCTM)  
highlights the need for a well 

designed curriculum and 
quality teacher preparation. 

Federal Recognition of Lack of 
Research Studies 

•  IDEIA 2004 (Individuals with Disabilities 
Education Improvement Act) and NCLB 
(No Child Left Behind) clearly define a high 
standard for research-based reading practices 

•  IDEIA 2004 did not clearly define a high 
standard for research-based math practices, 
because we did not have the same research 
for math as we did for reading. 

 
 

National Mathematics Panel Report 
2008 What do students need for 

success in Algebra? 
• Proficiency with whole numbers, fractions and 
certain aspects of geometry and measurement 
are the critical foundations of algebra 

• Explicit instruction for students with disabilities 
shows positive effects. 

• Students need both explicit instruction and 
conceptual development to succeed in math. 

     
 
 
 



International Research 

TIMSS  
from Improving Mathematics Instruction (Ed Leadership 2/2004) 

•  1995 Video Study 
•  Japan, Germany, US 
•  Teaching Style Implicated 

•  1999 Video Study 
•  US, Japan, Netherlands, Hong Kong, Australia, 

Czech Rep. 
•  Implementation Implicated  

 

High Achieving Countries 
 MAKE CONNECTIONS 

 

U.S.  
TEACHES PROCEDURES 



Structures and Connections 

 
What is 42 ? 

 
Procedure versus Structure/Connections 

 
Make a square out of your 4 unit linear side 

  

 Exponents and CONNECTIONS 

 
 
 

 

Square Roots! 
√    = 4 
The length of 
one side! Pythagorean 

Special Triangles 
Trigonometry 

 

Distance Formula 

16 

Geometry and  
Measurement 

1 = 13 



Are these the same? 

Concept Development & Connections 

“Research has shown a 
mutually beneficial pairing of 
procedures and concepts.” 

   --David Chard 

C-R-A  Cecil Mercer 
The student moves through stages. 
The teacher has the responsibility to explicitly and directly 

instruct students through these stages. 
Make connections for the students! 
 
 

7 + 5 = 12 

Concrete               Representational                   Abstract 



Concrete Reality 

 

8 - 5 = 8 
 

7 - 4 = 7 
 
 

Sharon Griffin 
Core Image of Mathematics 

    
 1 

2 

Symbols Counting Numbers Quantity 

“one” 
“two” 
“three” 

+      - 

1  2  3 

X    = 

V. Faulkner and DPI Task Force adapted from Griffin 

Griffin 



Prototype for lesson construction 

Touchable  
Visual 

Discussion: 
Makes sense  
of concept 

1 

2 

Learn to 
record 

these ideas 

V. Faulkner and DPI Task Force adapted from Griffin 

Symbols 
Simply record keeping! 

Mathematical Structure 
Discussion of the concrete 

Quantity 
Concrete display of concept 

CRA instructional model 

Abstract Representational Concrete 

8 + 5 = 13 

representational Quantity Math Structure Symbolic 

Abstract Representational Concrete 

Griffin (Cognitive Development Model) 

Connection 1 Connection 2 

Structural/ 
Verbal 

Synthesizing 
CRA & Griffin Model 
CRA (Instructional Model) 



We teach digitally 
but we ALL have   
analog brains! 

The Accumulator Model: 
Our Analog Brain 

1 2 3 
See Stanislas Dehaene 1999. The Number Sense 

Language, Reading and 
Mathematics 

Connections and Disconnections 



 Oral Language 

 Reading and Writing 

 Mathematics  

Connections and Disconnections 

Characteristics of Students with 
Learning Difficulties in Mathematics 
•  Slow or inaccurate retrieval of basic arithmetic facts 
•  Impulsivity 
•  Problems forming mental representations of mathematic 

concepts (number line, visual means to represent 
subtraction as a change process) (Geary 2004) 

•  Weak ability to access numerical meaning from 
mathematical symbols  (i.e. poorly developed number 
sense) (Gersten and Chard 1999 and Noel 2006) 

•  Problems keeping information in working memory. 
(Passolunghi and Siegel 2004; Swanson and Beebe-Frankenberger 2004) 

(adapted from Gersten and Clarke. NCTM 2007) 

Geary and Hoard, Learning Disabilities in Basic Mathematics 
 from Mathematical Cognition, Royer, Ed. 

•  1-1 Correspondence  
•  Stable Order 
•  Cardinality 
•  Abstraction 
•  Order-Irrelevance 

Gellman and Gallistel’s (1978) 
Counting Principles 



•  Standard Direction 

•  Adjacency 

•  Pointing 

•  Start at an End 

Briars and Siegler (1984) 
Unessential features of counting 

Geary and Hoard, Learning Disabilities in Basic Mathematics 
 from Mathematical Cognition, Royer, Ed. 

Error: Double Counts  
 

 

Students who are Identified  
with a Math Disability  

Geary and Hoard, Learning Disabilities in Basic Mathematics 
 from Mathematical Cognition, Royer, Ed. 

 
Working 
memory is a 
key factor! 

 

SPED Research 

•  Concrete-Representational-Abstract 
•  Meta-cognitive support 
•  Routine and Structure 
•  Teach the BIG IDEAS 
•  Direct Instruction: Systematic, Explicit, 

Cumulative and Multi-Sensory 
 
 



Considerations Regarding 
Instruction and Interventions 

Targeted Instruction is 
•  Explicit  

–  Focus on making connections 
–  Explanation of concepts 

•  Systematic 
–   Teaches skills in their naturally acquired order 

•  Multi-sensory   
•  Cumulative 

–  Connecting to prior knowledge and learning 
•   Direct 

–  Small group based on targeted skills 
–  Progress monitored 
 

 

Instructional Design Concepts 

•  Sequence of Skills and Concepts 
•  Knowledge of Pre-skills   
•  Example Selection  
•  Practice and Review   



Sequencing Guidelines  

 
•  Pre-skills of the mathematical concept or 

skill are taught before a strategy  
 4008 
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•  Information presented in 

concreterepresentationalabstract 
sequence 

 

Preskills  
Component skills of any strategy should 
always be taught before the strategy 
itself.  
 
What is 45% of 80?  

• What are the pre-skills? 

Selecting Examples  

•  First only use problems with the new material 
in practice exercises. 

 
–  Few programs provide a sufficient number of 

examples for new material – and do not 
emphasize mathematical connections.   

–  The programs rarely present a discussion of 
examples versus non-examples to help frame 
students’ thinking.  



•   Secondly, we integrate problems with both old 
and new material. 
– The purpose of this: 

•   is to allow discrimination between using 
the new strategy and not using the strategy. 

•   is to allow practice of previously learned 
skills (cumulative review).   

– Research suggests a strong relationship 
between retention and practice & review 
(Stein, 2006)  

What are the components of a 
practice set? 

•  Mastery level of understanding 
– What if you made a practice of sending home 

two or three different sets of HW? (93-100% 
accuracy) 

– This practice can be used to build 
automaticity. 

– Homework should not be seen as an 
opportunity for student to learn a skill, simply 
to correctly practice that skill. 

Practice and Review  
Mastery is reached when a student is able to 

work problems with automaticity and 
fluency (fact learning). 

 
Provide systematic review of previously 

learned skills.   
 
You can only spiral back to something that 

you know and have mastered. 
 
 



Anxiety, Performance and 
Instructional Considerations 

Testing 
Grading opportunities 

Self-concept 

“Understanding Math Anxiety” 

1.  What implications does the article make 
with respect to math anxiety?   

2.  What can we do as instructors to ease 
the trauma of math anxiety? 

Some words about “Key Words” 

They don’t work… 



We tell them—more means add 

Erin has 46 comic books. She has 18 more 
comic books than Jason has. How many comic 
books does Jason have.   
 
But is our answer really 64 which is 46 + 18? 

Sense-Making 

•  We need to notice if we are making sense 
of the math for our students, or if our 
discussion of the math contributes to --- 

“The suspension of sense-making…” 
Schoenfeld (1991) 

Mayer 

•  Translating 
– Relational sentences and reversal errors 

•  There are 6 students for every principal 
 
 
 
 
 

 
Students Principals 



Mathematically Authentic Instruction 

•  Research indicates that teachers who have 
a more robust understanding of the math 
present math in a more accurate and 
effective manner.   

•  Deeper understanding on the part of teachers 
positively affects student performance. 

Deborah Ball and Liping Ma 

Differentiation 

Sameation 

“Teaching Number Sense” 
 

•  What is Number Sense and how has the definition 
changed through time? 

•  Why is the distinction between these two definitions 
important in the opportunities that students are 
given to learn mathematical concepts? 

•  What signals the acquisition of number sense?  
•  What are the three worlds that comprise 

mathematics according to Griffin? 
•  What is the primary difference in conceptual 

understanding at age seven versus age nine? 
•  What instructional principles should we consider to 

teach Number Sense?  
Sharon Griffin  



Assignments from Units 1 and 2 
Due Day 2 

 
Readings for Units 3 and 4: 

–  Assigned chapter from Knowing and Teaching 
Elementary Mathematics (Ma) 

–  “Arithmetic in American Mathematics 
Education” (Ma) 

–  “Magical Hopes” (Ball) 

–  “Components of Number Sense: An Instructional 
Model for Teachers” (Faulkner) 

Assignments for Liping Ma 

•  Chapter 1 - Subtraction 
•  Chapter 2 - Multiplication 
•  Chapter 3 - Division of Fractions 
•  Chapter 4 - Area and Perimeter 
•  If you have already read one of these 

chapters, choose a different one to read. 
(Level 2 Participants) 

Be prepared to discuss in  
Expert Groups   

•  The approach of the U.S. Teachers to 
the topic 

•  The approach of the Chinese Teachers 
to the topic 

•  Biggest pedagogical shift you may need 
to take regarding this topic and/or the 
most interesting idea you learned. 
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