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Teacher Understanding
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Defining Issue in Implementation

...is the teacher's own

understanding of Mathematics.

--Liping Ma
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Understanding and Instruction

We can only instruct our students as well as
we understand the mathematics:

The better we understand the math, the
better decisions we will make regarding what
the student needs to achieve and how to
instruct the student!




Knowing and Teaching
Elementary Mathematics (Liping Ma)

» Compared and contrasted the pedagogy of
Chinese and American teachers

» Found that American teachers were much
weaker in content and conceptual knowledge

» Found American teachers teach procedurally
rather than being driven by the logic of the
mathematics (implementation)

* Ma presented information through teacher
responses to elementary math questions

Expert Groups

* Chapters 1,2,3and 4
— Approach of the American teachers
— Approach of the Chinese teachers
— Largest pedagogical shift in thinking
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Problem #1
Subtraction

72
-15

How would you approach this type of problem
if you were teaching second grade?
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Problem #1 Q2
Subtraction with Regrouping < _. (j

American Teachers — Procedural approach

— The “pedagogic insight "of the teachers
* Once the student can take a ten from the tens place
and turn it into 10 ones, then they can address the
problem correctly. Problem solved.
* Manipulatives suggested to explain this step only.
* Manipulatives sometimes used in a way that they
did not actually demonstrate process of regrouping.

——

Problem #1 '@»
Subtraction with Regrouping

Chinese Teachers—Decomposing and
Composing a Higher Value Unit

— Pedagogical insight: implemented the package of
critical information embedded in subtraction

— Saw this problem as connected to addition through
composing and decomposing units
— Demonstrated multiple ways of regrouping

— Found the opportunity to explore the basics of our
base ten system
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Math “Facts” vs.
Subtraction within 20

» U.S. deals with problems like 12-5, 15-7, etc.,
as FACTS to be memorized.

It does help to have these memorized, however,
PEDAGOGICALLY, there’s more to it.

 Chinese teach these “facts within 20" as the
entry point for understanding our number
system (develop “number sense”, emphasize
base ten system)
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Equal Exchange,
Base Ten and
Form of a Value

Develop and ingrain the idea of equal
exchange and the base ten system

—1’s cubes and 10’s rods to enforce rate of
exchange

— Solve “problems within 20" emphasizing this
base ten system and rate of exchange
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Pop Cubes and Tens
“Composing and Decomposing”

Compose tens Decompose tens
O
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Language Tips:
Subtraction within 20

« Standard Form and Ones Form
« Equal refers to value
» Aten rod is not the same as ten ones
+ Chinese language: “1 ten 2 ones”
* Mathematicians evaluate the form
(e.g., “Is this the form | want my value in?”)

Develop an Understanding of
Base 10 and Equal Exchange
16-4 14-7
12-8 17-3
13-5 19-9
18-9 15-6
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Know what you are teaching!

+ 15-8 “Number Fact” (Automaticity)

+ 15-8 Unlocking the Number System




Structures of Subtraction
4 N
The Classic “Take away” (How many are left?)

You've got some amount and “take away”
from that amount. How many are left? Eﬁ:u

\ rd
~
Comparison (Difference between?
How many more does one have than %o
\the other?) )
~

-
Deficit/Missing amount (What's missing?) ?

You need some more to get
where you want to be. What is the missing amount?

/
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Structures of Addition

.
Join and Part-Part Whole How many altogether?
—There is something, and you get more of it? ?

—There are two kinds, how many all together?
y g :@

P
Start Unknown What did | start with?

Some are given away, some are left, how :
many were there to start? Taken - Left

-

/Compare--total unknown

How many do | have?

| know one amount and | have some amount _,”
more than that. How many do | have? :‘:‘:’
-
Adapted from Carpenter, Fennema, Franke, Levi and Empson, 1999 p. 12 in Adding it Up, NRC 2001.
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Problem #2 Multiplication

123
645
615
492
738
1845
What's happening here?

How would you correct this mistake?
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Problem #2 Multiplication

American Teachers Approach
— Lining Up correctly
— American teachers saw this ¥ \'\
as a problem of alignment <
and thus addressed with
systems or “tricks” for N

alignment

— Teacher's understanding
reflects the way they were
taught multiplication

Problem #2 Multiplication

Chinese Teachers Approach:
Elaborating the Concept of Place
Value and Powers of 10
— Reinforce concept of Base 10 system
— Develop concept of Distributive
Property
— Place Value a logical system (not so
much a “place”)
— Developing foundation and
connections for higher thinking in
mathematics

I
1
2
23
x 47
161
920
1081
IE [
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23
x 47

21
140
120
800
1081

Problem #2
Multiplication

Develop understanding of the numbers:
123=( 1)x100+( 2)x10+( 3)x1
645=( 6)x100+( 4)x10+(5 )x1

Also we could ask:

What does 123 x 5 represent?
What does 123 x 4 represent?
What does 123 x 6 represent?
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Multiplication and Properties

« Distributive Property

» Reinforce the concept of 10s

*+ 12¢5=(10+2)5

+ 60=50+10

+ 60 =60

* Reinforce willingness to “play” with numbers
*12¢5=(6+6)*5

+ 60=30+30

+ 60 =60




Concrete Multiplication

[ O
12
[ 0o o
x3
—— 36 O O
— 0o
3 tens (30 ones) 6 ones
7 [
Concrete Multiplication with Regrouping
1 O
— 14 Oooog
x3
— N poou
—— | oo oo
42
3 tens (30 ones) 12 ones
7 [

Develop the Distributive Property and Reinforce Base Ten
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14x 3 = 3(10+4)=30 + 12

(12 ones = 1 ten and 2 ones)= 10 + 2

30+10+2=42




STRUCTURE:
3 Types of Multiplication: 4 x 3

/Repeated Addition

Array/
O O O row-column
O. O

OO
. © © OO0
/Counting Principle N
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Know what you are teaching?

» Multiplication — Place value as a place
Multiplication as an algorithm

» Multiplication — Unlocking the System
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Problem #3 Division of Fractions

1 % divided by %
Give a Story Problem to show

what is happening with this
expression.
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Division of Fractions Lesson
Construction
2
1
Quantity Mathematical Structure Symbols
Concrete display of concept Discussion of the concrete Simply record keeping!
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Problem #3 Division of Fractions

1 % divided by 2
Give a Story Problem to show
what is happening with this
expression.
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Division of Fractions

American teachers’ approach
* Flip and multiply

« Answers don’'t match 0

» Confused division by two with
division by one-half
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Division of Fractions

Chinese teacher’s approach

» Gave a mathematically accurate story
problem

» Explained the mathematics behind
the operation

* Gave multiple mathematical
constructs for division of fractions

Division of Fractions

» What does it mean to divide by a fraction?

P |

2

Division as Repeated Subtraction




For each Cup of Beans—
| get two portions if | divide by 1/2

What if | divide by 1/3?

* How would my diagram look?
* How many portions would | have?
* Why are my number of portions getting larger?

* How does this idea of quantity tie into the
math structure of proportional reasoning and
repeated subtraction?
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Division of Fractions: Bean Party!
Division as Repeated Subtraction

2

“Why does this
constant amount of
beans “looks like it
is getting bigger"?

Division as repeated
subtraction

Quantity Mathematical Structure Symbols

Concrete display of concept Discussion of the concrete . N
Simply record keeping!

V. Faulkner and DPI Task Force adapted from Griffin
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Division Structures

Measurement/Repeated Subtraction
“How many 2s can | get out of 10?”

2 If I have 10 cups of beans and | give out 2 cup
2 . . " .
w 5 portions, how many servings will that provide?
— ’7
o o @
Partitive/Unitizing/Fair Shares [10 = (©) ,

“How many would one person get? or “What would that mean in
relation to 1? If 2 people find $10 how much will each person get ?

Product/Factor 2

“I I have an area of 10 and one side is 2
how long is the other side?” ?
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Problem #3 Division of Fractions

Why DO we “Flip and Multiply” anyway???

Eloquent Explanation: Remember. N
—=1
N

We can apply this to our problem by what the Chinese Teachers
call “maintaining the value of a quotient”

10 10 5
2_2(5)
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Teaching Operations on Fractions

“Invert and Multiply”
VS.
Developing the concept of the procedure
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More with Fractions

Marilyn Burn s Fraction Kit
Fractions and Quotients

Picture Form Fraction Division Decimal
Form Form Form

DDDIJ
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Implementation

» Teacher’s discussion of the Mathematical
Structure is critical.

* Deborah Ball has found that teacher
knowledge affects student growth.




Manipulatives
and 'Magical Hopes

Deborah Ball

How do you explain this to a student?

1/6 + 1/6 = 2/6 1/6 +1/6 = 2/12
ks

Game from SRA Real Math

I roll 5/6
What should | do with my 5/6ths?

4/6 + 1/6 = 5/6
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Prototype for Lesson

Construction )

—/ The Idea of
the Unit

Quantity Mathematical Structure  sympols

Concrete display of concept Discussion of the concrete Simply record keeping!

V. Faulkner and NCDPI Task Force adapted from Grifin




“Magical Hopes”

1. How is it that Sean thought 6 could be both odd
and even?

2. Why were manipulatives not the answer for
Sean?

3. What assumption do we make as teachers about
the connections that students make with the
mathematics?

4. How can we help students see the relationship
between 4/8 and 4/4 and 3/3 and 5/5?

5. What do we need to keep in mind as we use
manipulatives as a mathematical tool in
developing conceptual understanding?
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Problem #4 Area and Perimeter
Imagine that one of your students comes to class
very excited. She explains that she has discovered
that as the perimeter of a closed figure increases
the area also increases. She shows you a picture to
explain what she is doing.

4 4
cm

4 8
cm cm

P =16cm A =16 cm? P=24cm A =32cm?

How would you respond to this student?
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Area and Perimeter
U.S. Teacher’s Approach

* Praised student for answer

» Looked it up in a book




Area and Perimeter

Chinese Teacher’s Approach

+ Understood student’s
misunderstanding

» Supported student in a deeper
understanding of area and perimeter
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A Comparison of Teachers' Reactions to Student Claim

OU. S. Teachers
B Chinese Teachers

Percent of Response
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Perimeter = 16 units Perimeter = 24 units
Area = 16 square units Area = 32 square units

A Condition in which Student’s
Claim is supported




Clarifying the Conditions

* Three Cases
— The length or width is increased
— The length and width are increased
— Either the length or width increases while
the other dimension decreases

Explaining the Conditions
« In the first two conditions, an area is added.

Length Increases
4 |:| * l:l:| 8
4 8

Original Figure Width Increases R

4

Length and Width Increase
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Explaining the Conditions
* In the third condition, the area can decrease,
increase or stay the same.

Perimeter =28 units
4 |:| Area = 40 sq. units

10

Case 1 Case 2 Case 3

(P=30 A=36) (P =30 A=56) (P=44 A=40)

I el
12 20
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Solution

When an increase in the perimeter is caused by
the increase in either or both the length and the
width of a rectangle, the area of the figure will
increase accordingly.

When an increase in the perimeter is caused by
an increase in one dimension (length or width)
followed by a decrease in the other dimension,
the area of the figure may or may not increase.

Distributive Property

Area = LW

Area = (L + 4) W (Length is increased by 4.)
Area = LW +4W

The additional area is 4W.

It [
=18

Key Factors in the Difference
Knowledge of Topic

Mathematical Attitude

— Significant in the solution of the Area and
Perimeter Problem

In order to foster exploration by our students,
we must embrace mathematical ways and
approach new situations independently.
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