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Gellman and Gallistel’ s (1978)
Counting Principles

* 1-1 Correspondence
» Stable Order

¢ Cardinality

* Abstraction

¢ Order-Irrelevance

Geary and Hoard, Learning
Disabilities in Basic
Mathematics from Mathematical
Cognition, Royer, Ed.




Abstraction

® 3 ones and 2 ones

» 3Xand 2X
® 3 tens and 2 tens

« 3Y and 2Y
® 3 tens and 2 ones

« 3Xand 2Y

® 3/6 and 2/6

® 3/6 and 2/5

T
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Use of the Number Line
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Different Forms of a Number--
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Diagnosis

Coneept Mects the Application

Road

Early Indicators of Problems with
Quantity/Magnitude:

» Early sequencing skills are delayed

» Visual spatial issues

» Child has difficulty rote counting

» Child has difficulty with rational counting
(1 to 1 correspondence)

Adapted from Harding & Harding
P |
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Number Knowledge Test

* http://clarku.edu/numberworlds

* Video of the Number Knowledge Test
Administration




Preliminary
Let's see if you can count from 1 to 10. Go ahead.

Number Knowledge Test Level 0 (4-year-old level,
____1. Can you count these Counters and tell me how many there are?
(Place 3 Counters in a row in front of the child.)
____2a.(Show stacks of counters, 5 vs. 2, same color)
Which pile has more?
____2b. (Show stacks of counters, 3 vs. 7, same color)
Which pile has more?
____ 3a. This time, I'm going to ask you which pile has less.
(Show stacks of counters, 2 vs. 6, same color.)
Which pile has less?
____ 3b. (Show stacks of Counters, 8 vs. 3, same color.)
Which pile has less?
____ 4. I'm going to show you some Counters.
(Show a line of 3 blue and 4 white Counters in a row, as follows: BWBWBWW.)
Count just the white Counters and tell me how many there are.
___ 5. (Pick up all the Counters from the previous question. Show a mixed array—not a
row—of 7 white and 8 blue Counters)
Here are some more Counters.
Count just the blue counters and tell me how many there are.

*Go to Level 1 if 3 or more correct.

In order to receive credit an item that has an a and b, both a and b must be correct to be
counted in the score.

Number Knowledge Test Level 1(6-year-old level)

__1. If you had 4 chocolates and someone gave you 3
more, how many chocolates would you have altogether?
__ 2.What number comes right after 7?
__ 3.What number comes two numbers after 7?
__4aWhich is bigger: 50r4 ?
4bWhich is bigger: 7 or 9 ?
__5a This time, I'm going to ask you about smaller numbers
Which is smaller: 8 or 67
5b Which is smaller: 5 or 7?
__6a Which number is closer to 5: 6 or 2?
(show visual array after asking)
___6b Which number is closer to 7: 4 or 9?7
(show visual array after asking)
__7.How much is 2 + 4 ? (okay to use fingers)
__ 8. How much is 8 take away 6 ? (okay to use fingers)
__9a When you are counting, which of these numbers do you say
first? (show visual array 8526-ask child to point and say each numeral)
___9b When you are counting, which of these numbers do you say last?

*Go to level 2 if 5 or more correct,

In order to receive credit an item that has an a and b, both a and b
must be correct to be counted in the score.

Number Knowledge Test Level 2 (8- Id level

1.What number comes 5 numbers after 49?7
2.What number comes 4 numbers before 607
3a.Which is bigger: 69 or 71 ?
3b.Which is bigger: 32 or 28 ?
4a.This time I'm going to ask you about smaller numbers.
Which is smaller: 27 or 32 ?
4b Which is smaller: 51 or 39 ?
____ 5a Which number is closer to 21: 25 or 18?7
(Show visual array after asking the question)
5b Which number is closer to 28: 31 or 24?
(Show visual array after asking the question)
____ 6. How many numbers are there in between 2 and 6?7
(Accept either 3 or 4)
____ 7. How many numbers are there in between 7 and 9?
(Accept 1 or 2)
____8.(Show visual array 12 54.) How much is 12+54?
____9.(Show visual array 47 21.) How much is 47-21?
(use term take away)

*Go to Level 3 if 5 or more correct.

In order to have an Item that has a and b, both a and be must be correct to be
counted in the score.




Number Knowl Test Level 3 (10-year-old level
____ 1. What number comes 10 numbers after 99?
2. What number comes 9 numbers after 99?
3a. Which difference is bigger, the difference between 9 and 6
or the difference between 8 and 3?
3b. Which difference is bigger, the difference between 6 and 2
or the difference between 8 and 5?
4a. Which difference is smaller, the difference between 99 and 92
or the difference between 25 and 11?
4b. Which difference is smaller, the difference between 48 and 36
or the difference between 84 and 73?7
5. How much is 13 + 39?
(Show visual array of 13 and 39.)
6. How much is 36 — 18?2
(Show visual array of 36 and 18.)
7. How much is 301 take away 7?

In order to receive credit an item that has an a and b, both a and b must be correct to be
counted in the score.

Developmental Level
Comparison Chart

Raw Score Developmental C.A. Equivalents
Level Score
1-3 -0.5 2-3 years
4-6 0.0 3-4 years
7-8 0.5 4-5 years
9-14 1.0 5-6 years
15-19 1.5 6-7 years
20-25 2.0 7-8 years
26-28 2.5 8-9 years
29-30 3.0 9-10 years

Where Research Meets the Road

Defining Where the
the Research
Concept

Meets the




Subitizing
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This is a critical skill and may lay underneath
early math number sense difficulties with
addition and subtraction.

Doug Clements, Julie Sarama
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Number Sense and Instructional Choices

Number Sense and Instructional Choices
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“Subitizing”

Doug Clements

* What is subitizing?

» What is the difference between perceptual and
conceptual subitizing?

» What factors influence the difficulty level for
students in subitizing?

» What are the implications for teaching?

+ What are some strategies that teachers can use
to promote subitizing?

Example: Percentages

2
1
" Predictions, \_,/ 70/100=70%
. Box scores, 710=.7=70%
: . hvs. # 35/50 =.7 =70%,
Touchable or visual Sense-making Recording the information

V. Faulkner and NCDPI Task Force adapted from Griffin

Even Algebra can fit this mold!

2

How does
Speed affect $; \—s,
What is the
constant?

Quantity: Verbal: Symbols:

Concrete display of concept Mathematical Structure Simply record keeping!

V. Faulkner and NCDPI Task Force adapted from Griffin




Example: Algebra—Solving Equations

2

“Equations \
" Maintaining
_Balance /

P

Touchable or visual Recording the

Sense-making . -
information
V. Faulkner and NCDPI Task Force adapted from Griffin and Borenson: Hands on Equations
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Research
Mercer’s research supports the idea of
teaching students with disabilities with
% C-R-A approach
Concrete
Representational
Abstract
Hands-on Equations provides excellent
Concrete/Representational support
for students.

Borenson Video
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Level #1: Lessons #1-#7
Solve equations such as:
2X+ X+ X+ X+2=2X+10
and
2(X+4) + X=X+ 16
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= |8




Materials for level #1

< Eight Blue Pawns

& Two Red Cubes, Numbered 0-5
< Two Red Cubes, Numbered 5-10
& A paper drawing of Balance Scale

Equality

A “Human Scale” can be used to demonstrate
the idea behind EQUALITY

Equality is a Big Idea in algebra and needs to
be reinforced again and again

Equality
3=3
3+4 =3+4
7=7
5=5
5-(1/5) = 5+(1/5)
1=1
it [




Solve by Trial and Error
Beginning with Modeling and Think Aloud

L& ||28|

Lesson #1

2z
3

Blue Pawn is named “X”

X+4=2X+3
< Physically Represent Equation

< Solve by Trial and Error: for us that will
generally mean Model how you would
solve by trial and error. Think Aloud.

Lesson #2
k=

Legal Move and Equality

@ |ntroduce the Concept of a “Legal Move”

@ Review the idea of Equality, show that
it is a “legal move” for a mathematical
reason

4X+2=3X+9

Lesson #3
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X+2+2X=X+10

2z
3

Use Legal Move with
Numbered Cubes

2X+4=10

Lesson #4
k=
2

Use Legal Move with
Numbered Cubes and Pawns

X+2X+14=5X+2

14=2X+2

12 = 2x

Lesson #4
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4X +5=2X+13

Lesson #4

2z
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Express Subtraction by the
Removal of Pawns

5X-3X+2=X+5

2x+2=X+5
X=3

3+3+3+3+3-3-3-3+2=3+5
8=8 (It checks!)
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Lesson #5

3X+4=5X-3X+9

Lesson #5




Distributive Property

2 (X+3) =X + 8

Lesson #6
P [
=2
Pictorial Notation
4x+3=3x+9
6
x XX AZ xxx9
X=6  Check27227 ooy
P [
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Solve Using Representation
2(x+4)+x=x+16
A‘A‘A AT
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Quantity/Magnitude

— Size

— Weight

— Number in a set

— Length

— Capacity of a container

— Value of an object

— Area

— Time

— Likelihood of an occurrence
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Classroom Applications

Defini Where th
m: ining Diagnosis kes:che AClzlfsr(:f)m
Concept Meets the pplication

Road

Quantity/Magnitude in action
Utilizing the Number Line to develop
understanding of fractions

Beyond Slices of Pizza




Mathematical Problem

At Food Lion, butter costs 65 cents per stick.

This amount is 2 cents less per stick, than
butter at Lowes.

If you need to buy 4 sticks of butter, how much
will you pay at Lowes?

Adapted from Hegarty, Mayer, Green (1992)

Translating
Converting a sentence into a mental representation

» Assignment Sentence! Easy Peasy!
At Food Lion, butter costs 65 cents per stick.

So --- Food Lion = 0.65
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Relational Sentences:
Uh - oh...

This amount is 2 cents less per stick,
than butter at Lowes.

Say What?
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Building a Mental Model of the
Problem Situation

The hard part of this problem is NOT the
multiplication. It is figuring out the cost of
butter at the two stores!

L1l
T T 11
LOWES? /
FOOD LION  LOWES?

a3
P

Younger than, fewer than, fewer, less,
less than, more than?
Help!

“More than means add”
“Less than means subtract”

“For less than take the two numbers and
subtract but switch the two numbers”
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Cultural Problem

The problem is that almost all of the strategies we
learned in math pretend that life is filled with
nothing but assignment sentences!

The only thing that can really help is to
Deeply Develop and Understand
Arithmetic Relationships —
VISUALLY AND STRUCTURALLY.

This allows us to make sense
of the relational sentences.




Develop Vocabulary in CONTEXT

The number line IS the context
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Number Worlds

Representation for Numbers in Different Lands

Object Land |:| — DD — DDD — DDIDD — DDI;"]D
Picture Land D E! |z| — I;I —

Line Land ’ Hawml—*mwm

o o e 1
i (-0 3= ) -

Vocabulary Development with Meaning - Not “disembodied™!

Number Worlds Griffin
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Integrating
Building a mental model of the problem situation
Butter problem seen as “total” cost
(Food Lion Butter + 2) x 4 = Cost at Lowes

6\5 67
FOOD LION  LOWES

2z
3

Planning

+ Devising a plan for how to solve the problem.

— First, add 2 cents to 65 cents and then
multiply the result by 4.
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Planning

Structural similarity vs. Surface similarity
Structurally similar

—Money problem (100) and basketball
percentage (100)
—Speed of a car (slope) and salary problem
(slope)
Surface similarity
—All basketball problems together
—All transportation problems together
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Executing
» Carrying out the plan

65+ 2 =67
67 x4 =268
268 cents = $2.68

Executing

Those who learned with a

multi-representational approach were able
to generalize the skill better.
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Structures of Subtraction

The Classic “Take away” (How many are left?)

You've got some amount and “take away” from that _  ?
amount. How many are left?

Comparison (Difference between? Who has more’7)
You compare to see who has more or less? — BEZZEIRIRI

Deficit/Missing amount (What's missing?) !
You need some more to get @
where you want to be-What is the missing amount?

it [
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Structures of Addition

Join and Part-Part Whole How many altogether?
—There is something, and you get more of it? ?

—There are two kinds, how many all together?
y g _%

Start Unknown What did | start with? oy
Some are given away, some are left, how
many were there to start? Taken  Left

How many do | have?

Compare--total unknown
| know one amount and | have some amount _. 2
more than that. How many do | have? ’”

Adapted from Carpenter, Fennema, Franke, Levi and Empson, 1999 p. 12 in Adding it Up, NRC 2001,

It | ™
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Addition Subtraction

Start Unknown Classic “take-away”
Julie had a bunch of fruit. She Julie had 80 pieces of fruit.
gave away 30 oranges and she She gave away 30 oranges.
still has 50 pieces of fruit left. How many pieces of fruit did
How many pieces of fruit did she she have left?

have to start with?

b S e

30 2
30
= ? 80
50 2 start - gave away = left

left + gave away =start
start - left = gave away
gave away + left = start
Sum(Total) — addend = addend

addend + addend = Sum(Total) minuend—=-subtratrerrd—="difference
P [
2r
Addition Subtraction
Join or Part/Part -Whole Deficit/ Missing Amount
Julie had 50 apples and then Julie wanted to collect 80 pieces
bought 30 oranges. How many of fruit for a food drive. She
pieces of fruit does she have now? already has 50 apples. How
many more pieces of fruit does
she need?
?
?

50 2 whole - part = other part
part + other part = whole whole — part accounted for = part needed
addend + addend = sum whole - part = difference

minuend — subtrahend = difference

P [
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Addition Subtraction

Compare: Total unknown Compare: difference unknown
Julie had 30 oranges and some Julie had 50 apples and 30 oranges.
apples. She had 20 more apples Does she have more apples or

than oranges. How many apples oranges? How many more?

does she have?

? Amount in one set — amount of an other set
Amount of one set + the difference between = difference between sets

two sets = amount of second set
Sum total (needed) — amount of one set (have)

Addend + addend = sum total :
= difference

(of unknown set)
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STRUCTURE:
3 Types of Multiplication: 4 x 3

Repeated Addition Array/

@) O OO OO row-column

OO OO ohe
Counting Principle

e CC ®
RA
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Division Structures

Measurement/Repeated Subtraction
“How many 2s can | get out of 10?”

2 If I have 10 cups of beans and | give out 2 cup
i portions, how many servings will that provide?
S=—=3 9

2

Partitive/Unitizing/Fair Shares [10 ] i ?
“How many would one person get? or “What would that mean in
relation to 1? If 2 people find $10 how much will each person get ?

[If | have an area of 10 and one side is 2,
how long is the other side?” ?

P [
=




Multiplication
Repeated Addition

Julie had 4 baskets with 5 pieces
of fruit in each basket. How many
pieces of fruit does she have?

10 15 20

0 5
How manyis 4 5s?

# of Groups * Objects in group =
Total objects

Factor * Factor = Product
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Division
Repeated Subtraction/
Measurement

Julie has 20 pieces of fruit. She
wants to eat 5 pieces of fruit a day.
How many days can she eat her
fruit?

10 15 20
How many 5s can you get out of
twenty?

0 5

Total = portions = servings

Product + factor = factor

Multiplication
Array/Row-Column
(Area/Side Length)
Julie has a rectangular surface she
wants to cover with square unit tiles.
The length of one side is 5 units long
and the length of the other side is 4
units long. How many pieces of tile
does Julie need?
1] 2 | 3 | 4

[ s
-

2

Linear side - Linear side = Area of Rectangle
Row - Column = Total
Factor - Factor = Product of Area
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Division
Product/Factor
(Area/Side Length)
Julie has a rectangular surface
that is 20 square units. The length
of one side is 5 units long. What is
the length of the other side?

1) 2
T

3 4 5
| | |

?)0

‘Area of Rectangle + Linear side =
Other linear side
Total + Column = Row

Total + Row = Column

Product + Factor = Factor

J1 J2 J3

Multiplication Fundamental Counting Principle

Julie packed 4 pair of jeans and 5 shirts for her trip.
How many different unique outfits can she make?
$182S3S4S5 S1S2S354S5152S53S45581852S53S4S5

Total outfits?
Ja

This is also an excellent model for probability: Julie has four
dice in different colors: blue, red, green and white. If she picks
one die at random and then rolls it, what are the chances that
she would have rolled a blue and a 57

1234 56

P(Blue,5)?
white

1234 56 1234 56 1234 5 6

red green

blue

it [
= |8




Division Partitive/Unitizing/Fair Shares

Julie is packing her suitcase for a trip. She is planning her
oulffits for the trip and will wear one shirt and one pair of
jeans each day. She brought 5 shirts. How many pairs of
jeans must she bring if she needs 20 unique outfits?

2; S$28384 gl S2 83 54 g; S283s4 21 S2 83 S4

5 outfits 10 outfits 15 outfit 20 outfits

This model is the way students first learn division, through
‘fair shares’? How many will each one person get?

D3D7D11D15D19 D4 D8 D12 D16 D20

D1DSDIDIIDI  pypspig 14 D18 ,W

n1 n2 n3 n4

It is also the structure for a Unit Rate: 20 per every 4, how many per 1?
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Assignment Sentences

* Food Lion = 65 cents

* Letx=5

 Laura’s Age = 21

* The 727 travels at 250 mph
* 1 pound = 16 ounces
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Relationship Sentences

» The price of Food Lion’s butter is 2 cents less than the
price of Lowe’s butter per stick.

e y=x-1

» Laura is 2 years younger than Valerie.

* The 757 travels 56 mph faster than the 727.

« The package weighs 5 ounces less than the pound of
hamburger.

it [
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Translation Exercise

Translate this Relational Sentence...

There are 8 times as many

raccoons as deer

P [
B public Schools of North Carolir

Problem Solving Component
CRA (Instructional Model)

Concrete Abstract
qiintegrating

Translating__Planning

Connection 2
4 Connection 1
Structural
Verbal

/
riffin (Cognitive Development Model)

xecuting

Symbolic

Quantity

It [
B public Schools of North Carolir
Components
of Number Quantity/
Sense Magnitude
Proportional Numeration
Reasoning
Formof a
Number Equality
Base Ten
©2007 CairvDoggett/Faulkner/Hale/NCDP!
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Numeration
Defining the Concept

Defining P— Where the =
the iagnosis Research Anliention
Concept Meets the pplication

Road

Numeration: Defined

numeration (noun) the action or process of
calculating or assigning a number to something. a
method or process of numbering, counting, or
computing. ORIGIN late Middle English : from
Latin numeratio(n) payment (in late Latin
numbering), from the verb numerare to
number.

P [
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Numeration Concepts

+ Set — collection of elements

+ Cardinal Number — identifies number of set
* Numeral — symbol representing number

* Rote counting — sequence of numbers

» Rational counting — one-to-one
correspondence

» Ordinal numbers — first, second, etc.
* Manipulatives- concrete objects
+ Skip counting—-2, 4,6, 8




Skill Hierarchy

+ SCOS (NCDPI)

* Common Core
* http://math.ncwiseowl.org/

=
23
Diagnosis
e | W piagnoss Where e Clasroom
Concept Meets the Application
Road
™
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Indicators of Issues:

* Rote Counting

— Inability to count numbers accurately and
sequentially

* Number Identification
— Inability to name numbers rapidly
* Language
— (The child has issues talking about
numeration.)

(Arithmetic on 1Q test 1Q/ Verbal side)




Where the research meets the road

Defining Pea— Where the

the lagnosis Research

Concept Meets the
Road
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Introduction of Skills

Rote counting-

1.

Determine how high they can count.

2. Stop student as soon as you hear a mistake.
3. Spread out practice. (10 min. is too long)

P [
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Introduction of Skills

Skip counting

1.
2.
3.

Pre-skills

Rote count ten numbers for each series
Order of skills - counting by 10’s, 2,5, 9,
4,25,3,8,7,6

Model-lead-test

Add new numbers each day with at
least two of the old numbers

Practice a number set




Classroom Application:

Defining Where the Clas
the Research Application
Concept Meets the Applicati

Road
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Set 2 WCPSS Middle School Remedial Warm-ups
Wake County Public School System/Valerie Faulkner
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Numeration across the NCSCOS

* Percents
» Ratios

* Decimals
* Fractions




10% of 100 10% of 200
10% of 50 10% of 150
10% of 23.28

a) What is happening here? The numbers are

b) When you figure 10% of something, will your result be more
or less than what you began with?

c) Is 10% more than %z or less than %z of something?

d) If a basketball player made 10% of their foul shots, would
that be very good, or not good at all?
Why?

e) If a store item is on sale for 10% off, what does that mean?

Give 10% of the following numbers:

100> 400>
50> 800>
950> 1200->
135> 5>
46.5> 3.5

It [

Find 10% of 800 >

Find 20% of 800> (10% + 10%)

Find 30% of 800> (10% + 10% + 10%)
Find 5% of 800> (1/2 of 10%)

Find 15% of 800> (10% + 5%)

Find 90% of 800> (100% - 10%)

Find 110% of 800> (100% + 10%)
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Your New Car!

You are buying a new car that is on sale
for $27,000.

This is 80% of the Original cost of the car.

What was the Original cost of the car?

It | ™
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Using Hundreds Board to Solve
Relatively Difficult Problems
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Using Hundreds Board to Solve
Relatively Difficult Problems

@

(7




Using Hundreds Board to Solve
Relatively Difficult Problems

G
%
27-000
=1 “ \J
C‘f\l F ’\*
odle LUOSL!
Giy
1o

Using Hundreds Board to Solve
Relatively Difficult Problems

How much
Is each 10t
of the whole?
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Using Hundreds Board to Solve
Relatively Difficult Problems

L2
Qe
Sley
How much 9w
Is each 10t a8
Of the whole? o |
o lw
C\A‘) '9) w
o R e
S
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Using Hundreds Board to Solve
Relatively Difficult Problems

i

\:I ] T X \v4

The Essence of Percentages

 |tis a rate, not a raw number

* If you know 10%, you can find out anything!
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What about Integers?
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Tricks We Use

+ Same-Change-Switch
» Bad Guys vs. Good Guys
» Matching Socks

+ Just Subtract The Smaller From The
Larger And Keep The Sign Of The Larger

~(-8+3)

2z
3

Prototype for Lesson Construction

5) +(-6) = (-11
-5<5
8-6=8+(-6)

Additive Inverse
Opposites
Absolute Value

Quantity: .
Yy Verbal: Symbols
Concrete display of . . N
concept Discussion of the Simply record
concrete keeping!
V. Faulkner and DPI Task Force adapted from Grifin
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Frayer Model for Linguistics

Definition (in own words) Characteristics
Whole numbers * Positive,
and their negative and
opposites zero
Examples Non-
Fhermometer (-1 —Examples |
Thermometer (-1 degrees)
Stock Market (Down 2) 0.56 1 V2
Elevation (45 feet high) 2
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Concrete Display Of Integers

* Two Color Chips
* Number Line

* Four Pan Balance
* Thermometer

2z
3

« Let black/yellow represent positive integers

00000 EEEE N

 Let white/red represent negative integers.

e00e®e LTI

Number Lines




Discussion Of Integers

* Elevation

» Stock Market

» Gains/Losses

» Temperature

« Golf

* Net Worth

+ Positive and Negative Charges

Retrieved from Weatherunderground.com 8/29/2011

2z
3

Definition Of Math Fluency

Students are considered fluent in math
if they are efficient, accurate, and
flexible when working with math.
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